In this paper we will provide a natural proof that if / is a bounded function that is harmonic but not analytic on 0, then H^iB^f] contains C(D). We will also give a necessary and sufficient condition for a closed subalgebra of C{M) to contain C(D).
Every bounded harmonic function / on 1 can be uniquely extended to be continuous on M [6, Lemma 4.4] . Note that the uniqueness of the extension is due to the fact that D is dense in M. Thus 77°°(D) [F] , the norm closed subalgebra of L°°(B), can be considered as a closed subalgebra of C(M) ; we use the same notation for a function in H°°(B)[f] regardless of whether we view the function as being defined on D or ¥.
In general if / € C(D) then H°°(B)[f] need not contain C(D). For example, take / to be zero on \z\ < j and equal to |z| -* on i < \z\ < 1. The main result in [1] states that, if / is a bounded_function that is harmonic but not analytic on D then 77°°(D)[/] contains C(B).
In this paper we will provide a natural proof of this theorem, and give a necessary and sufficient condition for a closed subalgebra of C(M) to contain C(D).
SUBALGEBRAS OF C(M) THAT CONTAIN C(D)
If A is a function algebra on X, then the essential set f of A is the smallest closed subset of X such that A contains every continuous function on X which vanishes on I? [3, p. 145] . A useful property of the essential set i? of A is that it is equal to the closure UaEa, where Ea runs over all nontrivial maximal antisymmetric sets for A [8, p. 65] . For information about antisymmetric sets and the essential set of an algebra, see [3, 8] Conversely, assume that C(B) c A. Since z and z are in A then it is easy to see that for any nontrivial maximal antisymmetric set E for A we get z\e = a, where a is a constant number with |a| < 1. There are two possibilities:
(1) PEcM\B; (1) FcA/\B; (2) C(B)cA.
The following examples (the first is due to Ivanov [7] ) show that M (A) can be very different from A. Js, where pt is a representing measure for t with support in y\7(L°°) c M. Clearly cpt t¿ t as tpt(f) = 0 for any / € C0(X).
The algebra generated by 77°° (D) and a harmonic function
In this section we will provide a natural proof of a remarkable theorem due to Axler and Shields, which is the main result in [1] . Also [2] contains another proof of this result. Proof. The proof will be divided into two steps. Step 2. The essential set of H^B^f] is contained in M\B. Let F be a nontrivial maximal antisymmetric set for H°°(B) [f] . Following Axler and Shields [1] , we let F(z) = <?/*-("+''"') and G(z) = eifev+iv'. Then F and G are constants on E.
If E n D # 0 then on E n D we have:
(1) f =u + iu* + cx, and (2) if = -(v + iv*) + c2 , where ci and c2 are constants.
From ( 1 ) and (2) we get: u + iu* = i(v + iv*) + k on E n D, where k is some constant. The function g(z) = u + iu* -i(v + iv*) -k is analytic on B, and moreover g is a nonconstant function on B, otherwise this would imply that / is analytic on D. Thus the zeros of g are at most countable and consequently £nD is at most countable.
By
Step 1, and the fact that F is a weak peak set for H°°(B)[f], we get M(H°°(B)[f]\E) = E, and so by the Shilov idempotent theorem [8, p. 112] we get E is connected. Hence Er\B = {a} . Because E is nontrivial, (M\D)nF =¿ 0 . Let ua be a closed set containing a and such that Uar\(En (M\B)) = 0 . Hence E = (uanE)U(M\B)nE, which is impossible because E is connected. This contradiction shows that E c M\B, and consequently the essential set for H°°(B)[f] is contained in M\B completing the proof of Step 2.
Finally, Steps 1 and 2 and the conclusion of Theorem 1 completes the proof of Theorem 2. [7] . We are grateful to the referee for pointing this out to us and also for a better form of Theorem 1.
Remark 2. Theorems 1 and 2 can be proved for finitely connected domains exactly along the same lines. It is known (but the proof is quite difficult) that Theorem 2 holds for Widom domains [2] .
